Vector
analysis 2

Learning outcomes

When you have completed this Programme you will be able to:

o Evaluate the line integral of a scalar and a vector field in Cartesian
coordinates

Evaluate the volume integral of a vector field

Evaluate the surface integral of a scalar and a vector field
Determine whether or not a vector field is a conservative vector
field

Apply Gauss’ divergence theorem

Apply Stokes’ theorem

Determine the direction of unit normal vectors to a surface

Apply Green’s theorem in the plane
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We dealt in some detail with line, surface and volume integrals in an
earlier Programme, when we approached the subject analytically. In
many practical problems, it is more convenient to express these
integrals in vector form and the methods often lead to more concise
working.

Line integrals

Let a point P on the curve c
joining A and B be denoted by
the position vector r with respect (a)
to a fixed origin O.

If Q is a neighbouring point on
the curve with position vector
r + dr, then PQ =dr.

The curve ¢ can be divided up

] A
into many (n) such small arcs, (b) dr,
approximating to dry, dr,, drs... s gr, dry
dr, ... so that
n
=1

where dr, is a vector representing the element of arc in both
magnitude and direction.

Scalar field

If a scalar field V exists for all points on the curve, then

n
)" vdr, with dr — 0, defines the line integral of V along the curve ¢
p=1
from A to B,

i.e. line integral = j Vdr
c

We can illustrate this inte-
gral by erecting a continuous
ordinate proportional to V at
each point of the curve.

J V dr is then represented by B
c

the area of the curved surface r A
between the ends A and B of X
the curve c.

To evaluate a line integral, the integrand is expressed in terms of
X, ¥,z with de=............
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dr=idx+jdy +kdz

In practice, x, y and z are often expressed in terms of parametric
equations of a fourth variable (say u), i.e. x = x(u); y = y(u); z = z(u).
From these, dx, dy and dz can be written in terms of u and the integral
evaluated in terms of this parameter u.

The following examples will show the method.

Example 1

If V=xy?z, evaluate J V dr along the curve c having parametric

C

equations x = 3y; y = 2u?; z = u® between A (0, 0, 0) and B (3, 2, 1).
V = xy*z = 3u)(4u*)(v®) = 1248
dr=idx+jdy+kdz=............

dr=i3du+jdudu+k3u?du

Because
x=3u, .. dx=3du
y=2u?, .. dy=4udu
z=u, .. dz=3uPdu

Limits: A (0, 0,0) correspondstou=............
B(3,2,1) correspondstou=............

A(0,0,0)=u=0 B(3,2,1)=u=1

1
g jva;-:[ 1208 (13 du + j 4u du + K 362 du)
c 0

Finish it off

24, 36
4i+?]+ﬁk

Because
1
J Vdr= 1zj (i3u® du+j4¢° du + k 3u'% du)
[ 0

which integrates directly to give the result quoted above.
Now for another example.
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Example 2

If V = xy +»?z, evaluate J V dr along the curve c defined by
C

x =12 y=2t z=1t+5 between A (0, 0, 5) and B (4, 4, 7).
As before, expressing V and dr in terms of the parameter t we have

V=6t 4+20t% dr=i2tdt+j2dt+kdt

Because
V =xy+y%z = (t?)(2t) + (4t%)(t + 5) = 613 + 20t2.
Also x = t? dx = 2t dt
y=2t dy=2adt Sodr=idx+jdy+kdz
z=t+5 dz=dt =i2tdt+j2dt+Kkadt
g JVdr=J(6t3+20t2)(12t+i2+k)dt
c [«

Limits: A (0,0, 5)=t=............
B(4,47)=t=...... e

A(0,0,5=t=0; B(4,4,7)=t=2

2
3 J Vdr=J (6% +2062)(i2t +j2 + k) dt
c (1]

= Complete the integration.

%(444i+ 290j + 145 k)

[ Vdr=2 JZ{(6t4 +208%)i + (66 + 202)j + (3% + 102)K} dt
[« 0

The actual integration is simple enough and gives the result shown.
All line integrals in scalar fields are done in the same way.
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Vector field

If a vector field F exists for all

points of the curve c, then for each

element of arc we can form the

scalar product F-dr. Summing

these products for all elements of
n

arc, we have Y F-dr,
P

Then, if dr, — 0, the sum becomes the integral j F. dr,
i.e. the line integral of F from A to B along thecstated curve

=JF-dr
C

In this case, since F- dr is a scalar product, then the line integral is a
scalar.
To evaluate the line integral, Fand dr are expressed in terms of x, y, z
and the curve in parametric form. We have
F=Fi+Fj+Fk
and dr=idx+jdy+kdz

Then F-dr= (Fi+Fj+FK)-(idx+jdy+kdz)
=Fydx+F,dy + F,dz

g jF~dr=J dex+J Fydy+J F,dz
[« C C C

Now for an example to show it in operation.

Example 1

If F=x%yi+xzj —2yzK, evaluate J F- dr between A (0, 0, 0) and
C
B (4, 2, 1) along the curve having parametric equations x = 4t; y = 2t2;
z=13.
Expressing everything in terms of the parameter t, we have
F=............

dx=............ ;ody=.....o.l ;o dz=.... ...l
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F=32ti +4t*j — 4’k
dx=4dt; dy=4tdt; dz=3£dt

Because
¥y = (1682)(212) = 32t*  x =4t codx =4dt
xz = (4t)(83) = 4t* y=2t2 . dy=4tdt
2yz = (482)(%) = 4t° z="0 o dz =3e2dt

Then JF~dr = J(32t4i+4t4’ —4PK) - (i4dt +j4tdt + k312 d)
= J (128t* 4+ 1685 — 12t7) dt

Limits: A(0,0,0)=t=............ ; B(4,2, )=t=............

1
" J F-dr= j (128t* + 16> —12t7)dt = ............
c 0

128 8 3 803
5 t373730 ~2677

If the vector field F is a force field, then the line integral J F.dr
C
represents the work done in moving a unit particle along the

prescribed curve c from A to B.
Now for another example.

Example 2
If F = x%yi + 2yzj + 322xK, evaluate j F-dr between A (0, 0, 0) and
B (1,2, 3) ¢
(a) along the straight lines c¢; from (0, 0, 0) to (1, 0, 0)
then c¢; from (1, 0, 0) to (1, 2, 0)
and c3 from (1, 2, 0) to (1, 2, 3)
(b) along the straight line ¢4 joining (0, 0, 0) to (1, 2, 3).
As before, we first obtain an expression for F - dr which is
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F-dr = x*ydx + 2yzdy + 3z2xdz

Because
F-dr = (x’yi+ 2yzj+322xk) - (i dx+j dy + k dz)
" JF-dr=szydx+J2yzdy+JBZZxdz

(a) Here the integration is made z
in three sections, along ¢, ¢ (1,2,3)
and c3.
=
C o 7.
1
1 < P 2
0,00 1,2,0)

M) ci: y=0,z=0,dy=0,dz=0

3 J F-dr=0+0+0=0
C1

(2) c: The conditions along c, are

C: x=1, z=0, dx=0, dz=0

. J F-dr=0+0+0=0
C2

3 c: x=1,y=2,dx=0,dy=0

27

Because
3
J F-dr=0+0+j 32dz =27
C3 0
Summing the three partial results

(1,2,3)
J F.-dr=0+04+27=27 .. J F-dr =27
0,0,0) C1+C2+C3
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(b) If t is taken as the parameter, z
the parametric equations of ¢ (1.2,3)
are
C4
X= ...
o

t=0 and t=1

As in Example 1, we now express everything in terms of tf and
complete the integral, finally getting

Because

F = 2631 + 12¢%§ 4 278k
dr=idx+jdy+kdz=idt+j2dt+k3dt

1
. J F-dr=J(2t3i+12t2j+27t3k)-(i+2j+3k)dt
Ca 0

1
= J 28 + 24> + 818) dt = r(ssr” +24£2) dt
0 0

4 115
= [83Z + 8t3]0— - = 28-75

So the value of the line integral depends on the path taken between
the two end points A and B

(a) JF-dr via ¢q, ¢z and ¢z = 27

®) jF.dr via cq — 2875

We shall refer to this topic later.
One further example on your own. The working is just the same as
before. >
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Example 3

If F=x%y%i+y%zj+ 2?K, evaluate | F-dr along the curve x = 2u?,
Y-z

[
y=3u, z=u3 between A (2, —3, —1) and B (2, 3, 1). Proceed as
before. You will have no difficulty.

jF-dr: ............
C
500

Here is the working for you to check.
x=2u y=3u z=u’

x2y? = (4u*)(9u?) = 36ub dx = 4udu
vz = (27u3) (1) = 27ub dy =3du
722 =uyb dz = 3u?du
Limits: A (2, —3, —1) correspondstou = -1
B(2 3 1) corresponds tou =1

s j F-dr=rl(x2y2i+y32i+zzk)-(i dx+j dy + K dz)

1
=| (36ui+27uj+u’Kk)- (i4udu+j3du+Kk3u’du
-1 ]

1
— J (14447 + 8145 + 3u®) du

=23-8

817 1! 500
7 T3

3], 21
Now on to the next section

Volume integrals

If Vis a closed region bounded by a surface S and F is a vector field at
each point of V and on its boundary surface S, then J FdvV is the
volume integral of F throughout the region. Y

z dV=dxdydz

X2 (V2 [Z2
deV:J j j Fdzdy dx
v

Xy Iy Jzm
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Example 1
Evaluate j FdV where V is the region bounded by the planes x =0,
14

x=2,y=0,y=3,2=0, z= 4, and F = xyi + zj — ¥’Kk.
We start, as in most cases, by sketching the diagram, which is

Then F=xyi+zj —x*k and dV =dxdydz
4 3 2
3 J FdV=J J J (i + 7 — %K) dx dy dz
\'4
3 x=2

0J0JO
3 2. =
j [ﬂi+xzi-"—k] dydz
2 x=0

:J:o 3

3
=rj <zyi+zzi—§k> dy dz
o0Jo 3

e Complete the integral.

j FaV = 4(% + 12 — 8K)
A4

Because
=3

y
J FdV:Hyzi+2yzi—§yk] dz
v 0 3 y=
4
=J (9i + 62zj — 8K) dz
0

4
= [9zi + 322§ — 8zk]

0
= 36i + 48j — 32k

= 4(9i + 12j — 8K)

Now another.
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Example 2
Evaluate J FdV where V is the region bounded by the planes x =0,
y=0, z=gand 2x+y+z=2,and F=2zi +yKk.
To sketch the surface 2x + y + z = 2, note that
when z=0, 2x4+y=2 1ie y=2-2x

when y=0, 2x+z=2 1ie z=2-2x

when x =0, y+z=2 e z=2-y
Inserting these in the planes x =0, y = 0, z = 0 will help.
The diagtam is therefore

So 2x +y 4+ z = 2 cuts the axes at A (1, 0, 0); B (0, 2, 0); C (0, O, 2).
Also F=2zi+yk; z=2-2x—-y=2(1—-x)—y

2(1—x) p2(1—-x)—y
3 J FdV = jj J (271 + k) dzdy dx
14 0

2(1—x) z=2(1-x)—y
j [z i+ yzk] dydx

z=0

1 (2(1-x)
j j {[4(1 - x)? — 4(1 — )y + i
+[2(1 —x)y —y* ]k} dydx

Jl[{4(1 X2y —2(1 -2+ L }

0

0

~ Z_£ 2(1-x)
+ -0y -5k dx
y=0

Finish the last stage
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J FdV =1 2i + k)
v 3

Because
18 3, , 4 3
j FdV:J {—(l—x) i+2(1-x) k}dx

[ 2 4 1 o]t 1
And now one more, slightly different.

Example 3

Evaluate J FdV where F = 2i + 2zj + yk and V is the region bounded
\'4

by the planes z =0, z=4 and the surface x> + y> = 9.

z It will be convenient to use cylindrical
polar coordinates (p, ¢, z) so the rele-
vant transformations are

X=.....cooenn. ; Y=eiiiiiiinns
Z=...iiiii... ; dv=............
X = pCoS ¢; Yy =psing
z=1z dV = pdpdedz

ThenJ FdV = J” (24 + 27j + yk) dx dy dz.
14 14

Changing into cylindrical polar coordinates with appropriate change
of limits this becomes

27 3 4

J FdeJ J J (21 + 22§ + psin k) dz pdpds
v 6=0Jp=0Jz=0

21 3 4

:j J [Zzi+zzi+psin¢zk]

pdpdg
6=0Jp=0 =0

z

27 3
=j J(8i+16i+4psin¢k)dpd¢
0 Jo

27 3
=4J J (2p1 + 4pj + p*sin k) dpdo
0 JO

Completing the working, we finally get
J FdV=...........
\4
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72r(i + 2j)

Because
2m P 3
J FdV:4J [pzi+2p2i+—sin¢k} )
v 0 3 0
27
=4J (91 + 18§ + 9sin ¢ k) dg
0

27

— 36] i+ 2j + sin o k) do
0

27

=36 [¢i + 2¢j — cos ¢k]

0
=36{(2mi + 4 — k) — (-k)}
= 72~ (i + 2f)

You will, of course, remember that in appropriate cases, the use of
cylindrical polar coordinates or spherical polar coordinates often
simplifies the subsequent calculations. So keep them in mind.

Now let us turn to surface integrals — in the next frame

Surface integrals

(AxB)
The vector product of two vectors A

and B has magnitude
|A x B| = AB sin# at right angles to
the plane of A and B to form a right-
handed set.

If e=g, then |A x B|=AB in the

B direction of the normal. Therefore, if
A M is a unit normal then

AxB=|A|[Bja=ABq
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z If P (x, y) is a point in the x-y plane,
the element of area dxdy has a
vector area dS = (i dx) x (j dy).

1 dxdyk
ie. dS =dxdy(i x j) =dxdyk

4
x/ dx Pl ds i.e. a vector of magnitude dxdy

dy acting in the direction of k and
referred to as the vector area.

X For a general surface § in space, each
element of surface dS has a vector
area dS such that dS = dSa.

You will remember we established previously that for a surface S given
by the equation ¢(x,y, z) = constant, the unit normal i is given by
gradg¢ V¢

|grad ¢| [V

Let us see how we can apply these results to the following examples.

~

Scalar fields
Example 1

A scalar field V =xyz exists over the curved surface S defined by
%% +y?> = 4 between the planes z=0and z=3 in the first octant.

Evaluate J V dS over this surface.
S

Wehave V=xyz S x>4+y>-4=0, z=0 to z=3

. N Vo
ds =nds where i = ——
V¢l

Now v — 225,92

ox 8y
Vo] =1/4x2 +4y2 =24 /x2 +y2 =2V4 =4
Therefore
Vo _xtyj
Vo 2
: Lvasz Vids

i+%k = 2xi+2yj and

so that dS =ndS = ds

n-=

xi+yj
2

w

ju—y

:EJ xyz(xi +yj) ds
N

— 3 | i+ Pz as M

757
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We have to evaluate this integral over the prescribed surface.

Changing to cylindrical coordinates with p =2

x=2cos¢; y=2sing¢
z=1z dSs =2d¢dz

", x%yz = (4 cos? ¢)(2 sin ¢)(2)
=8cos?¢sin¢ z

xy*z = (2 cos ¢)(4sin? ¢)(2)

=8cos¢sin® ¢z

Then result (1) above becomes

/2 03
J Vds=% J (8 cos? ¢sin zi + 8 cos ¢sin? ¢ zj) 2dzde
s Jo Jo
om/2 3

:4.1 J (cos? psin ¢i + cos ¢ sin® ) 2zdzde

o Jo

o7r/2

=4.J (cos? psin ¢i + cos ¢ sin? )9 de

0

and this eventually gives

deS: ............
s
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J Vds = 12(i +j)
M

Because
3 in3 /2
j vas =36 -5 23 S0 _ 106 4j)
s 3 3 "o
Example 2

A scalar field V=x+y+z exists over the surface S defined by
2x + 2y + z =2 bounded by x =0, y =0, z =0 in the first octant.

Evaluate J V dS over this surface.
S

S 2x+2y+z=2
x=0 z=2-2

. . V¢

dS=ndS where i = ——
Vol
¢, 0, b, . .

Now V¢_axi+ay]+azk_21+2]+k and

Vo =vVa+4+1=v9=3
Therefore
. V¢ 2i+2j+Kk PR I
n_]vqs|~ 3 so that dS—ndS—3(21+2]+k)dS

If we now project dS onto the x-y plane, dR =dScos~y
coswzﬁ-kzél—(21+2i+k)-(k):%
dRzédS .. dS =3dR = 3dxdy
. 1
s JVdS:J VndS:J J(x+y+z)§(2i+2i+k)3dxdy
s s s
Butz=2-2x—-2y
1 1—x
3 jvaszj j 2 —x—)(2i+2§+K)dydx
N 0Jy=0

X =




760 Programme 18

%(2i+2i+k)

Because

1 1-x
J VdS=J [Zy xy——] (24 +2j + k) dx
S 0 0

Bx ] (2i+2j+K)

=§(2i+2i+k)

Vector fields

Example 1

A vector field F=yi+ 2j+Kk exists over a surface S defined by
x> 4+y2+22 =9 bounded by x=0, y=0, z=0 in the first octant.
Evaluate J F - dS over the surface indicated.

s

dS=ndS  where n—l%,s—lwhere¢=xz+yz+zz—9=0

Now V¢ = 8¢i+ o ¢k 2xi+2yj+2zK and

3y
V6] = \/4x2 + 4y + 472 =2, /32 1 y2 1 72 = 2/5 = 6

-3

L A= 2 (20 + 2 + 22K)

1
=3 (d+yj +2K)

J F. dS=J F-ﬁdS=J(yi+2i+k)-—;—(xi+yi+zk)ds
S S M

1
=—J(xy+2y+z)dS
3s
Before integrating over the surface, we convert to spherical polar
coordinates.
X=..cionn... ; Y=
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x = 3sin 4 cos ¢; y =3sinfdsing¢
z =3 cosb; dS =9sinfddode

Limits of # and ¢ are 0=Otog; ¢=0to g

1 /2 pr/2
", jF-dS=§J (9sin® §sin ¢ cos ¢ + 6sindsin ¢
s o Jo
+3cosd) 9sinfddode
/2 7/2
= 9r r (3 sin® #sin ¢ cos ¢ + 2sin® #sin ¢
o Jo

+sinécos9) dodeo

Complete the integral

firas=9(1+%)

Because

2 . T . 1
LF- dS—9j: (Zs1n¢cos¢+§sm¢>+§) do
/2
9[51n o — cos¢—§] 9< 3:)
0

Example 2

Evaluate J F. dS where F = 2yj + zk and § is the surface x2 + y? = 4 in
s

the first two octants bounded by the planes z=0, z=15 and y = 0.
. Vo
X2 4yP-4=0 nh=_"-
by Vol :
¢

Ve = 3yi+ 9w —2xi+ 25

V| =4/ 4x2 + 4y2 = 24/x2 + 2
=2V4=4

Vo  2xi+ 2yj 1 N
IV¢I 4

L R=
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J, e
N

Because

J F-ﬁdS:J(Zyi+zk)-%(xi+yi)dS
N S

- e

This is clearly a case for using cylindrical polar coordinates.

x=2cos¢; y=2sing¢
zZ=1z dsS=2d¢dz

g j F. dS=J yZdS=J J4sin2¢2d¢dz=8j Jsinzq’)dq’)dz
S S S S
Limits: ¢=0to¢=mn z=0toz=35

: JF-dS: ............
S
20w
Because
S T
JF-dS=4J J (1 - cos2¢)dpdz
N z=0J¢p=0
5 s g
=4J [¢_51n2¢] iz
0 2 0
5 5
=4j 7rdZ=47r|:Z] =207
0 0
Example 3

Evaluate j F - dS where Fis the field x%2i — yj + 2zk and § is the surface
s

2x+y+2z=2bounded by x =0, y =0, z= 0 in the first octant.

We can sketch the diagram by putting x =0, y =0, z =0 in turn in
the equation for S.

When x=0 y+2z=2 z=1—§

y=0 x+z=1 z=1-x
z=0 2x+y=2 y=2-2x
So the diagram is
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F=x*i—-yj+27k; ¢ 2x+y+2z-2=0

00, 0. 0by i _
V=it g ity K =2 +it2k  [Vp|=3

JF-dS=J F.ads
S S

=i (next stage)

%J 2% —y+4z)ds
S

Because
jF~ﬁdS=j(x2i—yi+22k)-%(2i+i+2k)ds
S S
=1j(zxz—y+4z)cls
3)s

If we now project the element of surface dS onto the x-y plane

dR=dScosy cosy=m-k .. dR=n-kdS .2dS=%CZ

LAk = (2i4je2K) (k)= o dS=dudy

wi N

Using these new relationships, J F-dS= J F-nds
5 s
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J j%(zﬁ —y+4z)dxdy
R

Because
j F-ndS=—[ (22— y+42)ds
S

J(sz—y+4z)%dxdy

Il
NIH W= W =

J(Zx —y+42) dxdy
Limits: y=0toy=2-2x; x=0tox=1
1 1 p2—-2x
’ JFqidS:—JJ (2x2 —y +4z)dydx
s 2J)oJo

But2x+y+2z=2 . z=%(2—2x—y)
S E R E—

s

Complete the integration

N[ =

Here is the rest of the working.
1t 2—2x
JF-dSzJ F-ﬁdS:—J J (2% —y+4 — 4x — 2) dy dx
s s 2JoJo

1 1 p2-2x
=§J J (2% — 4x +4— 3p)dydx
0JO

1J [(Zx —4x+4)y—3y]0 dx

=§J (4%% — 8x+8 — 4x3 +8x% — 8x — 6+ 12x — 6x%) dx
0
1 1 1
=§J (6x2—4x3—4x+2)dx=I (3%% — 2% — 2x + 1) dx
0 0

4 1
[x 2 X +ij0 5

‘While we are concerned with vector fields, let us move on to a further
point of interest.
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Conservative vector fields

In general, the value of the line integral J F - dr between two stated

C
points A and B depends on the particular path of integration followed.
If, however, the line integral between A

T T8 .o
. 7 and B is independent of the path of
,/ // integration between the two end points,
N4 //’ then the vector field F is said to be

T conservative.

It follows that, for a closed path in a conservative field, ff F-dr=0.
C

Ca
/ B Because, if the field is conservative
/
g Joun 7=
A F.-dr = F-dr
\~-—/‘/c1 C1(AB) 2(AB)

c B ButJ F-dr=—J F.dr
2 c2(BA) c2(AB)

Hence, for the closed path AB., + BA,,

frar-| Foare|  Fedr

c1(AB) c2(BA)

Cq = J F . dl‘ — J F . dr
c1(AB) c2(AB)

=J F-dr—J F.dr=0
c1(AB) c1(AB)
%F-dr:O

Note that this result holds good only for a closed curve and when the
vector field is a conservative field.

Now for an example.

Example

If F = 2xyzi + x2zj + x?yKk, evaluate the line integral JF dr between

A (0,0,0) and B (2, 4, 6)

(@) along the curve c whose parametric equations are x = u, y = u?,
z=23u

(b) along the three straight lines c;: (0, 0, 0) to (2, 0, 0); ¢3: (2, 0, 0)
to (2, 4, 0); c3:(2,4,0)to(2,4,6).

Hence determine whether or not F is a conservative field.

First draw the diagram
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‘ B (2,4,6)
c c
A 4G
G 4y
ST e
X2 Y
(@) F=2xyzi+ x*zj + x*yk
x=u y=u? z=3u

o dx=du; dy = 2uduy; dz =3du.
F-dr = (2xyzi + x*zj + x*yK) - (i dx + j dy + k dz)
= 2xyzdx + x*zdy + x®’y dz

Using the transformations shown above, we can now express F - dr

in terms of u.

F-dr=

............

15utdu

Because
2xyzdx = (2u)(u?)(3u) du = 6u* du
x2zdy = (1?)(3u)(2u) du = 6u*du
**ydz = (W¥)W?)3du =3utdu
o, F-dr = 6u*du + 6u du + 3u* du = 15u* du

The limits of integration in u are
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u=0 to u=2

2
g J F-dr-zj 15u* du = [3u]%= 96 j F-dr=96
c 0 c
(b) The diagram for (b) is as shown. We consider each straight line
section in turn.
V4

B (2,4,6)
AC
A /
//C‘ < d Ly

x”2 o

jF dr = J(nyzdx +x2zdy + x%y dz)
ci: (0,0,0) to (2,0,0); y=0,2z=0,dy=0, dz=0
B J F-dr=0+0+0=0
C1

In the same way, we evaluate the line integral along c; and c;.

j F.dr=0; J F-dr =96
Cz2 C3

Because we haveJF-dr:J(nyzdx+xzzdy+xzydz)
cz: (2,0,0) to (2,4,0); x=2, z=0, dx=0, dz=0
" J F-dr=04+0+40=0
C2

j F-dr=0
Cz

c3: (2,4,0)to (2,4,6); x=2, y=4, dx=0, dy=0
6 6

. J F-dr:O+0+J 16dz = [162] =96

C3 1] 0

j F-dr =96
C3
Collecting the three results together

F-dr=0+0+96 F-dr=96

JC1+C2+C3 Jcl +Ca+C3
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In this particular example, the value of the line integral is independent
of the two paths we have used joining the same two end points and
indicates that F may be a conservative field. It follows that

JF-dr—J F.dr=0 ie. jﬁF-dr=o
C C1+Cz+C3

So, if Fis a conservative field, ffF -de=0
Make a note of this for future use

Two tests can be applied to establish that a given vector field is
conservative.

If F is a conservative field

@ curlF=0

(b) F can be expressed as grad V where V is a scalar field to be
determined.

For example, in the work we have just completed, we showed that
F = 2xyzi + x?zj + x*yK is a conservative field.

(a) If we determine curl F in this case, we have

cul F=............
curl F=0
Because
i i k
0 o 0
curl F= a 5 E
2xyz X%z X%y
=% —x®)i — (2xy — 2xp)j + 2xz - 2x2)k =0
curl F=0
(b) We can attempt to express F as grad V where Vis ascalarinx, y, z.
fV=Ffx,y, 2
ov, ov, av
grad V= a—l-’*gy-] +—azk
and we have F = 2xyzi + x%2zj + x2yKk
" aa—‘x/ = 2xyz S V=x2yz+f(y, 2)
ov. _ , . _
8_y =Xx°Z S V=a
ov ., . _
i x%y S V=

We therefore have to find a scalar function V that satisfies the
three requirements. =i
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V =x%z
Because

%=nyz S V=xtyz+f(y, 2)
) A
—— =x?z SV =xyz4+g(x, z
oy vz +8(x, )
v, s v w2
9 =Y S V=xfyz+h(x, )

These three are satisfied if f (y, z) = g(z, x) = h(x, ) =0
. F=grad V where V = x?yz

So two tests can be applied to determine whether or not a vector
field is conservative. They are

(€:) I

®) e
(@ curlF=0
(b) F= grad V

Any one of these conditions can be applied as is convenient.
Now what about these?

Exercise

Determine which of the following vector fields are conservative.
@ F=x+pi+@y-2+@x+y+2k

(b) F=(2xz+p)i+ (z+x)j + (x> +y)k

(c) F=ysinzi+xsinzj+ (xycosz+ 2z)k

(d) F=2xyi+ (x2 + 4yz)j +2y%zk

(¢) F=ycosxcoszi+sinxcoszj —ysinxsinzk.

Complete all five and check your findings with the next frame.

(@ No (b) Yes (c) Yes (d) No (e) Yes

769
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Divergence theorem

(Gauss’ theorem)
z For a closed surface S, enclosing a
) region V in a vector field F,
j dideV=I F-ds
v s
o
4

X

In general, this means that the volume integral (triple integral) on the
left-hand side can be expressed as a surface integral (double integral)
on the right-hand side. Let us work through one or two examples.

Example 1

Verify the divergence theorem for the vector field F = x%i + zj + yk
taken over the region bounded by the planes z=0,z=2,x=0,x =1,
y=0,y=3.

Start off, as always, by sketching the relevant diagram, which is

T dv = dxdydz
We have to show that

diVFdV:J F.dS

<= ——| -3 3 y JV s

(a) To ﬁndj div FdV
v

cmow [P, 0.0\ g .

divF=V F_(axi+6ylazk) (x*i + zj + yK)
91212 = -
_ax(x)+8y(z)+az(y)—2x+0+0—2x

3 J dideV:J zmv:j“ 2xdzdy dx
\4 \4 \'4

Inserting the limits and completing the integration
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J divFdV = 6
\74

Because

13 (2 13 2
J dideV:j J J 2xdzdydx=J J [sz] dydx
v 0JoJo 0Jo 0

1 3 1 1
=j [4xy] dx=j 12xdx=[6xz] -6
0 0 0 0

Now we have to find J F-ds
S

(b) To findJ F-dS ie. j F-ads
N S

41— Se

Ss —| - S

X 185/ \S

The enclosing surface S consists of six separate plane faces denoted
as 81, 82, ..., S¢ as shown. We consider each face in turn.

1

F=x%+zj+yk
(1) $1 (base): z=0; i =-—Kk (outwards and downwards)
S F=xYi+yk  dS; =dxdy

3 Ll F.adS= JLl(xzi +yK) - (=K ) dp dx

(2) §; (top): z=2; n=Kk ds, = dxdy
F
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2
2
Because
J F- ndS=J (% + 2§ + yKk) - (k) dydx
1
=H yayan=
So we go on.

(3) S (right-hand end): y=3; n=j dS; = dxdz

F=x%+zj+yk
s j F-AdS= ” (% + 2§ + 3K) - (j) dzdx
S3 S3

- Jo Loz

- [%] =2

(4) S4 (left-hand end): y=0;

Because
JS4F'ﬁdS=JJs4(XZi+Zi +yk)~(—i)dzdx=j: j:(—z)dzdx

2

g

Now for the remaining two sides S5 and Ss.
Evaluate these in the same manner, obtaining

j F-hdS=.........
Ss
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J F-0dS = 6; j F-hdS=0
Ss 56

Check:
(5) Ss (front): x=1; n=i dSs =dydz

. LSF.ﬁdS=”&(i+zj+yk)-(i)dydz:” 1dydz=6

Ss
(6) S¢ (back): x=0; n=-i dS¢ =dydz
g J F.ﬁd5=” (zi+yk)~(—i)dydz=” 0dydz=0
Se Se Se

Now on to the next frame where we will collect our results together

For the whole surface S we therefore have

JF- dS:—2+%+2—2+6+0:6
S

2
and from our previous work in section (a) J divFdV =6
We have therefore verified as required that, ‘;n this example
J diVFdV=J F.d§
v s

We have made rather a meal of this since we have set out the working
in detail. In practice, the actual writing can often be considerably
simplified. Let us move on to another example.

Example 2

Verify the Gauss divergence theorem for the vector field
F = xi + 2j + 2%k taken over the region bounded by the planes z =0,
z=4,x=0,y =0 and the surface x? +y? = 4 in the first octant.

Divergence theorem

J diVFdV=J F.ds
\4 N

S consists of five surfaces
$1, 82,..., S5 as shown.

x2+y?=4
S1
o, 0

N _ (0. 0. O\ . . 2
(@ divF=V F_(6x1+6y]+6zk> (xi + 2j + z°K)
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1+2z

3 j dideV:J vde:”j (1 +22) dxdydz
\4 v \4

Changing to cylindrical polar coordinates (p, ¢, z)

X = pcos¢ y=psing z=z dV=pdpdgpdz
Transforming the variables and inserting the appropriate limits, we
then have

j divFdV=............
14
Finish it
20w
Because
/2 2
j divFdV = j J r(1 +22)dz pdpds
v o Jolo

/2 2 4 /2 02
=r J [z+zz] pdpd¢=r J 20pdpde
0 0 0 0 0

/2 2 /2
= r [10,;2] d¢ = r 40d¢ = 20~
0 0 0

(b) Now we evaluate j
s

(1)

F - dS over the closed surface.

Z| A k(S)

e

L i) _
69 < P The unit normal vector

1% ] - “ e R for each surface is shown.

Y I S 1 (S5)

s o N F=xi+2j+22k

\\ 1 2 y

2
: ‘4@

1) Si: z=0; =-Kk F=xi+2j

A
3 jS1F-ﬁdS=Ll(xi+2i)-(—k)dS=O
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@ S z=4 nh=k F=xi+2j+16k
" J F-adS= (xi+2i+16k)-(k)dS=J 16dS
S $2

S2

In the same way for S3: J F-adS=............
S3

and for Sy: J FadS=............

J F-ndS=—16 j F-fidS=0
S3 S4

Because we have
3) S3: y=0; n

3 J F-fdS
S3

-  F=xi+2j+22k

L (xi+2j+ 22K) - (—j)dS

j (=2)dS = -2(8) = ~16
S3
@) S x=0, h=-i F=2j+22k
3 J F-ﬁdS=J (2§ + 22K) - (—i)dS = 0
Sa Sa

Finally we have
(5)Ss: xX2+y>2—4=0 d=............

Because
. VS 2xi4+2y)  xi+yj
¥+ —4=0 nh= = =
Y VS|~ VaZr 42 2

g J F~ﬁdS=J (xi + 2 + 22K ) - <"i+”) d5=lj (% +2)dS
S5 Ss 2 2 Js,
Converting to cylindrical polar coordinates, this gives
I F-adS=............
Ss
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47+ 16

Because we have
J F-ﬁdS:lj (x* +2y)dS
Ss 2 Ss

also  x=2cos¢; y=2sin¢
z=12 dS=2d¢dz

1 /2
" J F-ﬁdS=§rj (4 cos? ¢ +4sin¢)2dpdz
Ss 0Jo
4 r/2
=zj r {(1 + cos 2¢) + 2sin ¢} dg dz
0JO

. /2
=2J‘[<¢_smzz¢) —Zcos¢] dz
0 0

=zj:(%+z)dz=4w+ 16

Therefore, for the total surface §

JF-ﬁdS=0+167r—16+0+47r+16=207r @)
N
s J dideV:jF-dS=207r

\4 S

Other examples are worked in much the same way. You will remember
that, for a closed surface, the normal vectors at all points are drawn in
an outward direction.

Now we move on to a further important theorem.

Stokes’ theorem

fi If F is a vector field existing over an
open surface S and around its
boundary, closed curve c, then
J cuﬂpdS:j; F.dr

¢ N c
This means that we can express a surface integral in terms of a line
integral round the boundary curve.

The proof of this theorem is rather lengthy and is to be found in the
Appendix. Let us demonstrate its application in the following
examples.
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Example 1

A hemisphere S is defined by x? +y? + 22 =4 (z > 0). A vector field
F=2yi — xj +xzK exists over the surface and around its boundary c.

curlF»dS=f’;F-dr.
[

Verify Stokes’ theorem, that J
s

S X242 +22-4=0
F=2yi —xj+xzk
c is the circle x* + y? = 4.

) iF-drzj (20 — xj+x2K) - (i dx + dy + K dz)
=J (2ydx —xdy + xzdz)

Converting to polar coordinates
X = 2cosb; y = 2siné6; z=0
dx = —2sin4dg; dy = 2 cos 6 d6; Limits § = 0 to 2«
Making the substitutions and completing the integral

*F-dr:—lZw
c

Because

27
jLF~dr=J (4sin6[—2 sin 6 dé] — 2 cos 6 2 cos 6 dF)
c 0

21
=4 J (2sin® 6 + cos® 9) do
0

21 2
- —4J (1 + sin?9) dg — —zJ (3 — cos 20) A9
0 0
. 2
sin 20] - 12 1)
0

=-2 [30 —

On to the next frame
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(b) Now we determine j curl F-dS
s

qurlF~dS=qurlF-ﬂdS F=2yi —xj+xzk

curl F=............
curl F= -zj - 3k
Because
i j k
curlF—.a_ 9 2_i(O—O)—i(Z—O)+k(_1_2)__-_3k
“|ox oy oz =-7j
2y —x xz
Now i = o — 2+ +27K _xd+yj+zk
IVSI™ Vaz + a7+ 42 2
ThenJ curlF-ﬁdS:J(—zi—Sk).(X_i"'V;—"'Zk)ds
S s

= %L(—yz —-3z)dS

Expressing this in spherical polar coordinates and integrating, we get

J curl F-adS=............
s

127

Because
x=2sinfd cos¢; y=2sinfsing; z=2cosf; dS=4sinfddide

. J curlF-ﬁdS:%J J(—Zsinesin¢2cose~6cos€)4 sinfdéd¢
s s

2m ¢mw/2
= —4J (2sin% G cosfsin ¢ + 3sin 6 cos ) ddde
0 JO
2r12sin3@sing 3sin?4
=4 [ 3t 2 ]

/2

d¢
0

0
2T 2 . 3
__410 (gsm¢+§) dé = —12r @)
So we have from our two results (1) and (2)

J curlF~dS=fi; F-dr
S C

Before we proceed with another example, let us clarify a point relating
to the direction of unit normal vectors now that we are dealing with
surfaces.

So on to the next frame
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Direction of unit normal vectors to
a surface §

When we were dealing with the divergence theorem, the normal
vectors were drawn in a direction outward from the enclosed region.

With an open surface as we now have, there is in fact no inward or
outward direction. With any general surface, a normal vector can be
drawn in either of two opposite directions. To avoid confusion, a
convention must therefore be agreed upon and the established rule is
as follows.

~
fi
c c
c

A unit normal i is drawn perpendicular to the surface § at any point in
the direction indicated by applying a right-handed screw sense to the
direction of integration round the boundary c.

Having noted that point, we can now deal with the next example.

Example 2

A surface consists of five sections formed by the planes x =0,
x=1, y=0, y=3, z=2 in the first octant. If the vector field
F=yi+7%j+xyKk exists over the surface and around its boundary,
verify Stokes’ theorem.

81) -
" n=-i
Ai=-j 4_-.“33) (Sa)  (sq) — i
e (S2)
n=i =
C . G C3 3 4
X L C2

If we progress round the boundary along cj, ¢z, C3, C4 in an anti-
clockwise manner, the normals to the surfaces will be as shown.

We have to verify that J curl F-dS = f{) F-dr
N c

(a) We will start off by finding cf F-dr
C
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JF-dr=J(ydx+zzdy+xydz)

(1) Alongci: y=0; z=0; dy=0; dz=0
: j F—dr=J(O+O+0)=O
C1

(2) Alongcy: x=1; z=0; dx=0; dz=0
3 J F-dr=J(0+O+O)=0
C2

In the same way

J Fedr=. .......... and J Fedr=............
C3 Cq

J F-dr=-3; J F-dr=0
c3 cs

Because

3) Alongcz: y=3; z=0; dy=0;, dz=0
0
. J F—dr=r(3dx+0+0)=[3x] =-3
C3 1 1
(4) Alongcy: x=0; z=0; dx=0; dz=0

J F~dr=J(0+0+0)=0
Cq

fi;F-dr=0+0—3+0=—3
C

£F~dr:—3 (1)

(b) Now we have to find J curl F-dS.
s

First we need an expression for curl F.

F=yi+ 2%+ xk
Lcurl F=...........
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curl F=(x—22)i —yj -k

Because
i j k
1F=vxF=|2> 2 2
an¥=Vx¥=x oy oz
y 22 xy

=ix-22)—-jy-0)+k0—-1)=(x—22)i -yj -k
Then, for each section, we obtainJ curl F-dS =j curl F-ndsS

(1) § (top):: A=k

. J curl F-adS=............
$1

-3

Because
j curlF-ﬁdS=J {(x—22)i —yj —K}-(k)dS
51 sl

= J (_l)ds = —(al'ea of Sl) = -3
Sy
Then, likewise

(2) Sz (right-hand end): f =j

" J curlF-ﬁdS=J {x—22)i —yj—Kk}-(3)ds
52 52

~[ e
S
But y = 3 for this section
. j curl F-adsS = I (=3)dS = (=3)(2) = —6
SZ sZ
(3) S3 (left-hand end): fa = —j

. J curl F-adS=............
S3
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0
Because
j curlF-ﬁdS:J {(x—22)i-yj -k} -(-§)dS
53 s3
S3
But y =0 over S3
. j curl F-adS=0
S3
Working in the same way
J cul F-AdS=............ ; j cul F-AdS=............
S4 S5

J curl F-idS = —6; J curl F-AdS = 12
S4 SS

Because
(4) S4 (front): M =i
3 J curlF-ﬁdS=J {x-22)i —yj —k}-({H)dS
S4 54
- J (x—22)dS
Sa
But x =1 over S,

3 L curlF-ﬁdS=J:j:(1—ZZ)dzdy=j: [z—zz]:dy

3 3
~ [ cow=|-2] -6
0 0
(5) Ss (back): 1 = —i with x =0 over Ss
Similar working to that above gives J curl F-andS =12
Ss

Finally, collecting the five results together gives

j curl F-adS=............
s
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J cul F-AdS=-3—-6+0—6+12=—3 @)
S

So, referring back to our result for section (a) we see that
J curlF-dS=§ F-dr
S c

Of course we can, on occasions, make use of Stokes’ theorem to lighten
the working - as in the next example.
Example 3
A surface S consists of that part of the cylinder x? +y? = 9 between
z=0 and z=4 for y >0 and the two semicircles of radius 3 in the
planes z=0 and z=4. If F=zi + xyj + xzKk, evaluate J curl F-dS
s

over the surface.

The surface S consists of three sections

(a) the curved surface of the cylinder
-~ 4 (b) the top and bottom semicircles.

We could therefore evaluate
E-‘ A j curl F- dS
s

N over each of these separately.

e ———

N

\
O
\

However, we know by Stokes’ theorem
that

J curlF-dS=............
s

§ F - dr where c is the boundary of S
C

F=zi+xyj+xzk

: *r«m-: (zi + xpj + x2K)-
c c (idx+jdy+kdz)

=J> (zdx+xydy + xzdz)
C

Now we can work through this easily enough, taking c;, ¢, ¢3, ¢4 in
turn, and summing the results, which gives

J curlp-ds=§;1=-dr= ............
A c
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—-24

Here is the working in detail. * F.-dr= f‘; (zdx +xydy +xzdz)
C C
Mci: y=0 z=0; dy=0; dz=0
J F-dr=j 0+0+0)=0
C1 Cy

@) x=-3; y=0; dx=0; dy=0

-3221*
j F.dr=J (0+0—3zdz)=[ ]=_z4
C2 C2 2 0

B)cs: y=0;, z=4; dy=0;, dz=0
3
J F-drzj (4dx+0+0)=J 4dx=24
C3 C3 -3

@) cy x=3;, y=0;, dx=0; dy=0

3221°
J F-dr:J (0+0+3zdz)=[-—] ——24
Cq Cq 2 4

Totalling up these four results, we have

§F~dr=0—24+24—24=—24

(o

Butj curlF-dS:*F'dr J curl F-dS = -24
N c N

This working is a good deal easier than calculating j curl F-dS over
s

the three separate surfaces direct.
So, if you have not already done so, make a note of Stokes’ theorem:
J curlF-dS:i; F-dr
N c

Then on to the next section of the work
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Green’s theorem enables an integral over a plane area to be expressed
in terms of a line integral round its boundary curve.

We showed in Programme 14 that, if P and Q are two single-valued
functions of x and y, continuous over a plane surface §, and c is its
boundary curve, then

frasaon= ][ (2 D)o

where the line integral is taken round c in an anticlockwise manner.

In vector terms, this becomes:

y § is a two-dimensional space
dS=dxdy enclosed by a simple closed
curve C.
(o ds =dx dy
° x dS = AdS =k dxdy

If F= Pi+ Qj where P = P(x, y) and Q = Q(x, y) then

cutlF=............
oQ _op
ox Oy
Because
i j Kk
8 9 0
Q o0

o 2)-16-5) 13-

. _ @ oP . oQ oP
But in the x—y plane, %2 92 =0. .. curlF=Kk (a -@)

So J curlF-dS=J curl F-ndS and in the x—y plane, A =k

| cunmas= [ x(52-2) aoas=[[ (52-2) axey

ox Oy ox oy
. L curlF-dS=JL<%%—%P)dxdy (1)

Now by Stokes’ theorem ............
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J curlF~dS:§F~dr
N c

and, in this case,§ F-dr=§(Pi+Qi)-(idx+i dy + k dz)
C C
~fpax+aay

. §F.dr=1;(de+Qdy) )
Therefore from (1) and (2)

Stokes’ theorem J

curl F-dS = * F - dr in two dimensions becomes
S c

Green'’s theorem jj (g—(j - %) dxdy = * (Pdx+Qdy)
N c

Example
Verify Green’s theorem for the integral 1; {(x® + y?) dx + (x + 2y) dy}
C

taken round the boundary curve c defined by

y
2
y=0 0<x<2 ¢,
2+ =4 0<x<2 Cs
x=0 0<y<2
(0]
C4 2 X
Green'’s theorem: jj (@—@) dxdy = fi; (Pdx+ Qdy)
S ox 6}’ [

In this case (x2 +y?)dx + (x +2y)dy = Pdx + Qdy
L P=x*4+y?> and Q=x+2y

We now take ¢y, ¢z, c3 in turn.

M c:y=0; dy=0

L(de+Qdy) - J:xzdx - [";]Z_—.g

(2 22 2+y2=4 . P2=4-x - y=>4-x2)/?
X+2p=x+2(4-x)"?

1 _
dy =54~ ) V2(—2x)dx =

L(de +Qdy) =............

Make any necessary substitutions and evaluate the line integral
for cj.
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T—4

Because we have

L(de—l—Qdy) - L{4+ (x+2VE—22) (\/4__:‘7>}dx

x2 }
= 4-2x ————1dx
jc;{ V4—X2
Putting x = 2sinf, v4—x2=2cosf dx=2cosfdf

Limits:x:.z,o:g; x=0,0=0.
. . 4sin? 6
C L(de+Qdy) = j:/z{4—451n0—m}2c039d9

. 0
—4|2sing—sin2g L(p_Sin2%

~af(e-1-5)] -4
Finally

B)cz: x=0; dx=0

L (Pdx+Qdy) = JZ 2ydy = [yz] :: -4

.. Collecting our three partial results

f’;(de+Qdy)=§+7r—4—4=7r—13—6 (1)
C
That is one part done. Now we have to evaluate Jj (%—%) dxdy
s
oP
P=x*+ L ao=2
2 By =%
- . 9Q_
Q=x+2y . ax_l

LG [fo-me

It will be more convenient to work in polar coordinates, so we make
the substitutions

x=rcost; y=rsing, dS=dxdy=rdrdd
3Q 3P> J‘W/ij .
B ———)dxdy= 1 —2rsin@)r drdd
j.[s(ax oy Y 0 0( )

Complete it
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Here it is:

I1. (e = ay) <

/2 (2
f J(r—ZrzsmG ) drde
0

0
/2742
JZ [2 sme] de
/2
r {2———sm0}d9
0
16

/2
[20+——cos€] =m— (2)

So we have established once again that

fracsam= [ (2 D)o

And that brings us to the end of this particular Programme. We have
covered a number of important sections, so check carefully down the
Revision summary and the Can You? checklist, and then work
through the Test exercise that follows. The Further problems
provide valuable additional practice.

u

Revision summary 18
1 Line integrals

(a) Scalar field V: j Vdr
C

The curve c is expressed in parametric form.
dr=idx+jdy+kdz

(b) Vector field F: j F-dr
C

F=Fd+Fj+FKk
—idx+jdy+kdz
F-dr = F,dx+F,dy + F,dz

2 Volume integrals
F is a vector field; V a closed region with boundary surface S.

X2 (V2 (22
j FdV=j j j Fdzdydx
\4

X1 Iy Jdz;
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3 Surface integrals (surface defined by ¢(x, y, z) = constant)
(a) Scalar field V(x, y, z):

. . Vo grad ¢
L s IVo| |grad ¢|
(b) Vector field F = F,i + F,j + F;k:
. . V¢
F-dS:IF-ndS; n=—-
L s Vol

4 Polar coordinates
(a) Plane polar coordinates (r, 6)

y

! x=rcosf;, y=rsinf
rooly dS=rdrdd

I

|

(b) Cylindrical polar coordinates (p, ¢, z)

z

P, 0,2 X=pcos¢
y=psing
z Z=12Z

9 ; ds = pd¢dz
/N AV = pdpdedz
X

(c) Spherical polar coordinates (7, 6, ¢)

z

P(r,0,0) x=rsinfcos¢
y=rsinédsing
r z=rcosé
0 dS =r?sinfdode
¢ ’ dV =r?sing drdode

X

5 Conservative vector fields
A vector field F is conservative if

(@ ff F-dr=0 for all closed curves
C

(b) cutl F=0
(c) F=grad V where V is a scalar.
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6 Divergence theorem (Gauss’ theorem)

z Closed surface § enclosing a
region V in a vector field F.

J dideV:[ F-ds
v s

/O Y
X

7 Stokes’ theorem

z An open surface § bounded by
a simple closed curve c, then

=2

D dS

/O Y
X

8 Green’s theorem

J curlF-dS=§F-dr
S c

y The curve c is a simple closed
curve enclosing a plane space
S in the x—y plane. P and Q are
¢ functions of both x and y.
0 X
0Q OP _
Then ”S (55 —5) dxdy = i(de+ Qdy).

¥4 Can You?

Checklist 18

Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

e Evaluate the line integral of a scalar and a vector field in
Cartesian coordinates?

Yes [0 O O [0 [ No
e Evaluate the volume integral of a vector field?

Yes O ] L] Ll No
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e Evaluate the surface integral of a scalar and a
vector field?

Yes O 0O O O O No

e Determine whether or not a vector field is a
conservative vector field?

Ys [ O O 0O [0O No
e Apply Gauss’ divergence theorem?

Yes [ O [0 [ [ No
e Apply Stokes’ theorem?

Yes [ 0O 0O 0O 0O No

e Determine the direction of unit normal vectors to a
surface?

Yes O O L] ] L] No

e Apply Green’s theorem in the plane?

Yes [J OO0 0O O O No

Test exercise 18

1 If V=x*y+2x2+yz evaluate der between A (0,0,0) and
C

B (2, 1, — 3) along the curve with parametric equations x = 2t, y = t2,
z= -3,

2 If F=x2p3i+y2j+2x°k, evaluate IFdr along the curve

C

x=3u?, y=u, z=2u3 between A (3, —1, —2) and B (3,1,2).

3 Evaluate j F dV where F = 3i + zj + 2yk and V is the region bounded
v

by the planes z = 0, z = 3 and the surface x2 + y?> = 4.

4 If V is the scalar field V = xyz?, evaluate j V' dS over the surface S
s

defined by x + y? = 9 between z = 0 and z = 2 in the first octant.

5 Evaluate j F - dS over the surface S defined by x2 + y2 + 22 =4 forz>0
s

and bounded by x =0, y =0, z =0 in the first octant where
F=xi+2zj+yk.
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6 Determine which of the following vector fields are conservative.
(@) F= (2xy+2)i+ (x2 +2p2)j + (x +y¥)k
®) F=(yz+2p)i+ (xz+ 2x)j+ (xy +3)k
(© F=(yz2+3)i+ (x22 + 2)j + 2xyz + k.

7 By the use of the divergence theorem, determine J F.dS where
s

F=xi +xyj + 2K, taken over the region bounded by the planes
z=0, z=4, x=0, y = 0 and the surface x> + y> = 9 in the first octant.

8 A surface consists of parts of the planes x=0, x=2, y=0, y=2 and
z=3 -y in the region z>0. Apply Stokes’ theorem to evaluate

J curl F- dS over the surface where F = 2xi + xzj + yzk where § lies in
tlsle z =0 plane.

9 Verify Green's theorem in the plane for the integral
i{ (2% — 2x)dx + (x + 2xy2)dy}

where ¢ is the square with vertices at (1, 1), (-1, 1), (-1, — 1) and
1, -1).

Further problems 18

1 If V = x%yz, evaluate J V dr between A (0, 0, 0) and B (6, 2, 4)
(o}

(@) along the straight lines c;: (0, 0, 0) to (6, 0, 0)
cz: (6, 0, 0) to (6, 2, 0)
cz: (6, 2, 0) to (6, 2, 4)
(b) along the path c4 having parametric equations x = 3t, y = t, z = 2t.

2 If V = xp? + yz, evaluate to one decimal place j V dr along the curve ¢

C
having parametric equations x =2t?, y=4t, z=3t+5 between
A (0,0, 5)and B (8, 8, 11).

3 Evaluate to one decimal place the integral j (xyz + 4x%y) dr along the
c

curve ¢ with parametric equations x =2y, y =u?, z=3u® between
A(2,1,3)and B (4, 4, 24).

4 If F=uxyi+yzj+3xyzk, evaluate JF-dr between A (0,2,0) and

[
B (3,6,1) where ¢ has the parametric equations x =3u, y =4u+2,
z =1
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10

11

12

13

14

F = x%i — 2xyj + yzk. Evaluate J F-dr between A (2,1, 2) and

(o
B (4, 4, 5) where c is the path with parametric equations x = 2u, y = 12,
z=3u-1.

A unit particle is moved in an anticlockwise manner round a circle with
centre (0, 0, 4) and radius 2 in the plane z = 4 in a force field defined as
F=(xy+2)i+ (2x+yp)j+ (x+y+z)K. Find the work done.

Evaluate J FdV where F=1i—yj+ Kk and V is the region bounded by
v
the plane z = 0 and the hemisphere x2 + y? + z2 = 4, forz > 0.

V is the region bounded by the planes x =0, y=0, z=0 and the
surfaces y=4—x% (z>0) and y =4—2z2 (y > 0).

If F = 2i + y?j — K, evaluate J FdV throughout the region.
v

If F = 3i + 2j — 2xKk, evaluate J FdV where Vis the region bounded by
v
the planes y =0, z=0, z=4 —y (z > 0) and the surface x> + y? = 16.

A scalar field V = x + y exists over a surface § defined by
2+ 422 =9,
bounded by the planes x =0, y = 0, z =0 in the first octant. Evaluate

j V dS over the curved surface.
S

A surface S is defined by y?> +z=4 and is bounded by the planes
x=0, x=3, y=0, z=0 in the first octant. Evaluate J V dS over this
M

curved surface where V denotes the scalar field V = x%yz.

Evaluate J curl F - dS over the surface S defined by 2x + 2y + z = 2 and
s

bounded by x=0, y=0, z=0 in the first octant and where
F = y2%i + 2yzj + xyk.

Evaluate j F-dS over the hemisphere defined by x%+ %+ 2% =25
s

with z > 0, where F = (x + )i — 2zj + yKk.

A vector field F = 2xi + zj+ yk exists over a surface S defined by
x2 +y? + 7% =16, bounded by the planes z=0, z=3, x=0, y=0.

Evaluate J F - dS over the stated curved surface.
s

793
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15

16

17

18

19

20

21

Evaluate J F - dS, where F is the vector field x%i + 2zj — yk, over the
s

curved surface S defined by x% + 2 = 25 and bounded by z=0, z= 6,
y=3.

A region V is defined by the quartersphere x? +y% +22=16, z>0,
y > 0 and the planes z = 0, y = 0. A vector field F = xyi + y%j + k exists
throughout and on the boundary of the region. Verify the Gauss
divergence theorem for the region stated.

A surface consists of parts of the planesx=0,x=1,y=0,y=2,z=1
in the first octant. If F = yi + x2zj + xyk, verify Stokes’ theorem.

S is the surface z = x? +»? bounded by the planes z=0 and z=4.
Verify Stokes’ theorem for a vector field F = xyi + x3j + xzK.

A vector field F = xyi + z%j + xyzk exists over the surfaces
+y?+22=a?>,x=0and y =0

in the first octant. Verify Stokes’ theorem that J

curlF-dS:%F-dr.
S c

A surface is defined by z? = 4(x% + y2) where 0 < z < 6. If a vector field
F=zi +xy%j + x2zK exists over the surface and on the boundary

circle ¢, show that ff F-dr= j curl F-dS.
[ S

Verify Green'’s theorem in the plane for the integral
§{e-nax- 07+ )}
C

where c is the circle with unit radius, centred on the origin.




